The contribution of crossed gluon fields in flux tubes connecting quarks to the proton spin is calculated. The calculations are performed following non-perturbative Heisenberg's quantization technique. In our approach a proton is considered as consisting of three quarks connected by three flux tubes. The flux tubes contain colour longitudinal electric and transversal electric and magnetic fields. The transversal fields causes the appearance of the angular momentum density. The dimensionless relation between the angular momentum and the mass of the gluon fields is obtained. The contribution to proton spin from rotating quarks and flux tubes connecting quarks is estimated. Simple numerical relation between the proton mass, the speed of light and the proton radius, which is of the same order as the Planck constant, is discussed.
I. INTRODUCTION
The spin structure of the proton is one of the most challenging problems in modern physics. The experimental results of the European Muon Collaboration showed that only a small fraction of the proton spin is carried by the quark spin [1, 2] . The proton spin can be split as
where ∆Σ is a quark spin contribution, ∆G is a gluonic contribution, L q and L G are quark and gluon angular momentum contributions. Measurements of the quarks contribution to the proton spin [3] - [8] show that it is ≈ 30%. Further studies showed that up to 30% the proton spin can arise due to the spin of gluons [9] [10] . Some portion of the proton spin can come from the orbital angular momentum of quarks and anti-quarks [11] , see also the reviews [12] - [15] . Theoretical investigations of the proton spin structure are also performed on the lattice, see for example [16] . In Ref. [17] the general procedure for calculating the quark and gluon helicity contributions ∆Σ, ∆G, and the quark and gluon orbital angular momentum contributions L q , L G to the proton spin is presented. It is possible that L G is a purely nonperturbative effect and its calculation is closely related to the resolution of the confinement problem. In this note we are guided by this idea and show that the contribution of L G to the proton spin is connected with the presence of flux tubes between quarks in the proton. In this letter we use the non-perturbative methodsà la Heisenberg [18] to investigate the gluon field contribution to the proton spin. The main idea of our approach is that flux tubes between quarks in a proton have the angular momentum density coming from colour electric and magnetic fields. The flux tube has longitudinal electric field and transversal electric and magnetic fields. The transversal fields have different colour indices and, at first glance, cannot give us the angular momentum density. But if the proton quantum state has a quantum interplay between states with different transversal fields in the flux tube we will have transversal electric and magnetic fields with the same colour index. In this case we can calculate the angular momentum coming from the gluon fields which are in the flux tube. In this connection we have to note that in Ref. [19] the authors have shown that some properties of a glueball may explain the gluonic contribution to the proton spin.
where
2-point Green functions for the gauge fields δÂ a µ ∈ SU (2) × U (1) and for the cosetÂ
ν is the field strength; b, c, d = 2, 5, 7 are the SU(2) colour indices; g is the coupling constant; f bcd are the structure constants for the SU(3) gauge group and g is the coupling constant. The set of equations (3) and (4) describes decomposition of SU(3) degrees of freedom into two groups: the first one describes SU (2) ∈ SU (3) degrees of freedom and φ is a gluon condensate describing an average dispersion of quantum fluctuations in the coset space SU (3)/SU (2).
We seek a cylindrically symmetric solution of the set of equations (3) and (4) in the subgroup SU (2) ∈ SU (3) spanned on λ 2,5,7 (in Ref. [20] we found the solution in the SU (2) subgroup spanned on λ 1,2,3 ):
Here we use the cylindrical coordinate system z, ρ, ϕ. The corresponding colour electric and magnetic fields are then
We assume that 2-point Green functions can be approximately expressed as follows:
where B µ B µ is a constant and
We choose the vectors A µ and B µ in the form
.
Let us consider the simplest case with
Then
In order to have equations that are the Euler-Lagrange equations, from some Lagrangian we choose
Substituting (10) and (20)- (24) into (3) and (4) and taking into account (28), we have
The Lagrangian for this set of equations is
After introducing the dimensionless parameters x = ρφ 0 ,φ = mφ/2φ 0 ,λ = 4λ/m 4 ,M = mM/2φ 0 ,f = f /(2φ 0 ) and v = v/(2φ 0 ),μ 1,2 = µ 1,2 /φ 0 , we have the following set of equations
where the prime denotes differentiation with respect to the dimensionless radius x.
A. Numerical solution
In this subsection we want to present a numerical solution of the equations (33)-(35) which are solved as a nonlinear eigenvalue problem with the eigenvalues µ 1,2 ,M and the eigenfunctionsf ,ṽ,φ. The boundary conditions are
The results of calculations are presented in Figs. 2 and 3 . From Eqs. (33)- (35) we can obtain an asymptotic behavior of the functions f (ρ), v(x), andφ(ρ) in the form
where f ∞ , v ∞ , and φ ∞ are some constants. 
FIG. 2: The functions f (ρ), v(ρ),φ(ρ).
The solid curve is f (ρ), the dashed curve is v(ρ), the dotted curve isφ(ρ). µ1 ≈ 1.2325683, µ2 ≈ 1.180660003, M ≈ 1.3137067,λ = 0.1. z is attached to green, q g , and blue, q b , quarks.
IV. CALCULATION OF THE ANGULAR MOMENTUM OF GLUON FIELD
In this section we consider A The properties of this quantum state are
The relations (42) and (43) 
For the calculation of (44) we approximate the flux tube as a finite piece of the infinite flux tube found in Section III A. Then the M ⊥ component of the angular momentum of the gluon fields in the flux tube, which is perpendicular to the triangle created by three quarks, will be
here r = r 0 + r z + ρ, see Fig. 5 ; r 0 is the distance from the proton center to the flux tube center; r z is the distance from the flux tube center to the cross section of the tube; ρ is the distance from the flux tube axis to the point where r × E a × H a is calculated; the transversal color electric and magnetic fields E
are calculated in Eqs. (12) and (13); g ′ 2 = 4πc g 2 is the dimensionless coupling constant;l = lφ 0 is dimensionless lengths of the tube;r 0 = r 0 φ 0 where r 0 ≈ r p , r p is the proton radius;M ⊥ ≈ 0.043 can be calculated by using the numerical solution obtained in Section III A; we take into account that we have two equal terms in (44), and three flux tubes in the proton; dV = 2πlρdρ. One way to calculate φ 0 is to calculate the mass of the gluon fields in the proton. One can note that similar calculations for meson, consisting from quark and antiquark with one flux tube between them, gives us L G = 0 because r 0 = 0. For the rough estimation of L G we have:l,r 0 , g ′ ≈ 1 and M ⊥,g /( /2) ≈ 4%.
V. CALCULATION OF THE MASS OF GLUON FIELDS IN A PROTON
Calculation of the proton mass of gluon fields in this approach faces the following problem: The energy density for the non-Abelian fields is 
Here a = 2, 5, 7; A a µ ∈ SU (2) ⊂ SU (3); A a µ = Â a µ ; δÂ a µ are quantum fluctuations. In such a case the linear energy density will be
As one sees from this expression, there is negative term − To avoid this problem, we suggest the following approach: let us write the energy density as here v is the velocity of quarks and flux tubes connecting quarks. The total angular momentum should be S q + M ⊥,g + M ⊥,r = /2 where S q is the contribution from quarks spin. After some algebraic manipulations we have
here m q is the quark masses and we took into account (2).
VII. DISCUSSION AND CONCLUSIONS
Thus, we have approximately calculated the contribution of crossed gluon fields to the proton spin. The calculations are based on Heisenberg's quantization technique. We have considered a proton as an object constructed from three quarks connected by three flux tubes. Using Heisenberg's quantization approach, we have shown that the flux tubes contain color longitudinal and transversal electric and magnetic fields with different color indexes. This does not allow us to have a nonzero angular momentum density created by these transversal fields. But if we consider a quantum state where some interplay between these possibilities is possible then we will have transversal electric and magnetic fields with the same color index. It allows us to have the nonzero angular momentum density.
We have calculated the component of the angular momentum of crossed colour fields perpendicular to the flux tubes. In order to estimate this value, we have calculated the mass of the gluon fields. Having this mass, we could determine one unknown parameter φ 0 which is the value of the dispersion of quantum fluctuations of the coset fields at the proton centre. Then we have estimated the contribution to proton spin coming from rotating quarks and flux tubes connecting quarks.
The calculations presented here depend on the flux tube solution found in Section III A. The solution depends on the parameters m φ ,λ, v(0), φ(0). These parameters cannot be determined in the two-equations approximation but only in the next approximation: three-, four-, and so on equations approximation.
